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The nonparallel flow effects on roughness-induced perturbations in subsonic boundary layers over a flat plate are

explored within the scope of the linearized Navier–Stokes equations. The receptivity problem is treated under the

parallel flow approximation, and the nonparallel flow effects on the perturbations development are taken into

account. The analysis is based on the method of multiple scales when intermodal exchange due to the nonparallel

character of the flow is neglected. The nonparallel flow effects lead to lower velocity and higher temperature in the

wake downstream from the hump.

Nomenclature

A = perturbation function vector
A�� = eigenfunction of the direct problem
a = height of the roughness element
B�� = eigenfunction of the adjoint problem
F = frequency parameter, !�e=�eU2

e

f�x; z� = shape of the roughness element
k = parameter of the continuous spectrum
Lj,Hj = 16 � 16 matrices
Lz = spanwise period of the roughness-element array
lx = streamwise length scale of the roughness element
lz = spanwise length scale of the roughness element
M = Mach number
Pr = Prandtl number
Re = Reynolds number
T = temperature
t = time
U = streamwise velocity
u = streamwise velocity perturbation
V = vertical velocity
v = normal velocity perturbation
w = spanwise velocity perturbation
X = slow streamwise coordinate, �x
x = distance from the leading edge
x0 = distance from the leading edge to the roughness

element
x� = x � x0
y = coordinate normal to the wall
z = spanwise coordinate
� = streamwise wave number
� = spanwise wave number
� = specific heats ratio
�k = width of the narrow-wave packet
" = small parameter
� = distance from the wall scaled with ��ex=�eUe�1=2
� = temperature perturbation
� = receptivity efficiency
� = viscosity
	 = pressure perturbation

� = density
’ = Fourier transform of the roughness shape
! = angular frequency

Subscripts

ad = adiabatic wall condition
e = edge flow parameter
s = unperturbed boundary layer
w = wall parameter

I. Introduction

I THASbeen observed in experiments that roughness elements can
trigger early transition to turbulence in boundary layers. One of

the possible scenarios is associated with the transient-growth
mechanism: namely, that tiny roughness elements introduce
transient perturbations that grow sufficiently to be responsible for the
laminar–turbulent transition [1,2]. Theoretical studies have dealt
mostly with optimal perturbations: those that lead to the largest
energy growth at some downstream location. Extensive theoretical
analyses of optimal disturbances in incompressible and compressible
flows [3,4] led to correlations for transition Reynolds numbers that
are consistent with the available experimental data [5] related to
roughness-induced transition. From the theoretical studies, optimal
transient growth is associated with streamwise vortices. To
investigate the transient-growthmechanism experimentally, an array
of roughness elements was used in [6,7]. Although the experimental
results agree qualitatively with the theoretical results, there are
quantitative differences. To resolve the discrepancy and to complete
the transient-growth scenario, one has to solve the receptivity
problem (i.e., find the flow perturbation generated by an array of
humps).

Boundary-layer flows in the presence of three-dimensional humps
have been investigated extensively with the help of asymptotic
methods [8–12] in the limit Re�1=8L ! 0, where ReL is the Reynolds
number based on the characteristic length of the oncoming boundary
layer L and the freestream velocityU1. The asymptotic methods are
very helpful for an overall understanding of flow structure and for the
purpose of deriving the governing parameters, whereas the
quantitative results might be questionable at finite Reynolds
numbers. Therefore, it would be preferable to solve the receptivity
problem with the help of a method that is applicable to the case of
finite Reynolds numbers.

The flow response to a small roughness element on the wall is a
particular example of the general receptivity problem. Usually, the
term receptivity is used for the generation of instability modes only.
Because the method applied in the present work originated as a
method for solving receptivity problems in boundary layers at finite
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Reynolds numbers, wewould like to outline its origin and how it was
verified by comparison with other methods.

Morkovin [13] and Reshotko [14] clarified the important role of
receptivity in the laminar–turbulent transition process. These papers
motivated intensive investigations of various mechanisms
responsible for excitation of unstable Tollmien–Schlichting (TS)
waves. A partial listing of the vast bibliography on the topic is
presented in [15–18].

Theoretical models may be categorized according to their
underlying principles as follows: 1) the asymptotic analysis of the
linearized Navier–Stokes equations at large Reynolds numbers
(ReL !1) and 2) the finite-Reynolds-number approach based on a
combination of analytical models with numerical representation of
normal modes.

At large but finite Reynolds numbers, a method based on
expansion of the solution into a biorthogonal eigenfunction system
was introduced in [19–23]. The method turned out to be a powerful
technique for solving receptivity problems for spatially developing
perturbations. It was proven [24,25] that the receptivity solution
based on the biorthogonal eigenfunction expansion is equivalent to
the method used by Ashpis and Reshotko [26], whereas in the triple-
deck limit, the method leads to the results by Smith et al. [8] and
Terent’ev [27].

Recently, the biorthogonal eigenfunction system was applied to
the problem of flow perturbation generated by a three-dimensional
hump (an array of humps) placed on the wall [18,28]. The difference
between the receptivity solution for TS waves and for roughness-
induced perturbations is that the TSwaves represent a discrete mode,
whereas the roughness-induced perturbation is composed of an
infinite number of modes belonging to continuous spectra (vorticity,
entropy, and acoustic modes). The results in [18,28] were based on
the parallel flow approximation. The nonparallel flow effects could
have an effect on the receptivity itself and on the development of the
perturbations on a length scale that is much larger than the boundary-
layer thickness.

The nonparallel flow effects on receptivity are important when the
source of the disturbances is distributed on a scale larger than the
boundary-layer thickness. Choudhari [29] and Bertolotti [30]
developed methods that can be used for analysis of the receptivity
when the nonparallel flow effects are to be included. The nonparallel
flow effects on the development of unstable discrete modes on a
length scale that is much larger than the boundary-layer thickness
have been studied within the scope of the method of multiple scales
[31–39]. Another method that allows inclusion of the nonparallel
flow effects on TS waves is based on the parabolized stability
equations (PSE) [40–42]. To our knowledge, nonparallelfloweffects
on modes of the continuous spectra have not been addressed yet.

The objective of the present work is to develop a theoretical model
for nonparallel flow effects in the case of perturbations associated
with the continuous spectra and to analyze roughness-induced
perturbations in subsonic boundary layers.

Briefly, the structure of the paper is as follows. The problem
formulation is outlined in Sec. II. A theoretical model for roughness-
induced perturbations, including the nonparallel flow effects, is
presented in Sec. III. Numerical results for perturbations generated
by an array of roughness elements (M� 0:02 and 0.5) are discussed
in Sec. IV. In Sec. V, we formulate the main conclusions stemming
from the results.

II. Governing Equations

We consider a compressible two-dimensional boundary layer in
the Cartesian coordinates, where x and z are the downstream and
spanwise coordinates, respectively, and coordinate y corresponds to
the distance from the wall. We write the governing equations (the
linearized Navier–Stokes equations) for a periodic-in-time
perturbation (the frequency is equal to zero in the case of a
roughness-induced perturbation), � exp��i!t�, in matrix form as

@

@y

�
L0

@A

@y

�
�L1

@A

@y
�H1A�H2

@A

@x
�H3

@A

@z
�H4A (1)

where vector A has 16 components,

A�x; y; z� � �u; @u=@y; v; 	; �; @�=@y;w; @w=@y; @u=@x;
� @v=@x; @�=@x; @w=@x; @u=@z; @v=@z; @�=@z; @w=@z�T (2)

L0, L1,H1,H2,H3, and H4 are 16 � 16 matrices (their definitions
are given in the Appendix); u, v,w, 	, and � represent three velocity
components, pressure, and temperature perturbations, respectively;
and the superscript T in Eq. (2) stands for transposed. Matrix H4

originates from the nonparallel character of the flow. It includes
terms with y component of the mean flow velocity and derivatives of
the mean flow profiles with respect to the coordinate x. The second,
fourth, and eighth equations of the system (1) are linearized x-, y-,
and z-momentum equations, respectively; the third equation is the
linearized continuity equation; and the sixth equation is the
linearized energy equation. The other equations serve as definitions
of the components (derivatives) in vector A.

We use the Fourier transform with respect to the coordinate z:

A ��x; y� �
Z 1
�1
e�i�zA�x; y; z�dz (3)

In the quasi-parallel flow approximation, the solution of the
linearized Navier–Stokes equations can be expanded into normal
modes of the discrete and continuous spectra [43]:

A ��x; y� �
X



d
A�
��y�ei�
x �
X
j

Z 1
0

dj�k�A�j��y�ei�j�k�xdk

(4)

where �
 and �j denote sums over the discrete spectrum and
branches of the continuous spectra, respectively. The coefficients d

and dj are to be found from the receptivity problem solution [18].

The following biorthogonal eigenfunction system fA��;B��gwas
formulated in [43]:

d

dy

�
L0

dA��

dy

�
�L1

dA��

dy
�H1A�� � i�H2A�� � i�H3A��

y� 0: A��1 � A��3 � A��5 � A��7 � 0; y!1: jA��jj<1
(5)

d

dy

�
LT

0

dB��

dy

�
�LT

1

dB��

dy
�HT

1B�� � i�HT
2B�� � i�HT

3B��

y� 0: B��2 � B��4 � B��6 � B��8 � 0; y!1: jB��jj<1
(6)

Actually, Eq. (6) defines the complex conjugate of the conventional
adjoint problem.

The eigenfunction system fA��;B��g has an orthogonality
relation given as

hH2A��;B�0�i 	
Z 1
0

�H2A��;B�0��dy� ����0 (7)

where � is a normalization constant, ���0 is a Kronecker delta if
either� or�0 belong to the discrete spectrum, and���0 is aDirac delta
function if both � and �0 belong to the continuous spectrum. Because
Eq. (6) represents the complex conjugate of the conventional
problem, the dot product �; � in Eq. (7) does not involve complex
conjugation.

Solutions of linear Eqs. (5) and (6) depend on the choice of their
normalization. In a parallel flow, one can choose any fixed
normalization of the solutions. In the case of a weakly nonparallel
flow, coefficients of Eqs. (5) and (6) are slow functions of the
streamwise coordinate x, and there is uncertainty with the solutions’
normalization (the solutions can be multiplied by a function of the
coordinate x). Therefore, the normalization constant � in Eq. (7) can
be a function of coordinate x, depending on normalization of the
solutions fA��;B��g. However, for any normalization of A��, one
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can make � be a constant by an appropriate choice of B��. In the
present work, the final result leads to a solution independent of the
particular normalizations of fA��;B��g, and onemay choose it based
on consideration of convenience.

III. Weakly Nonparallel Flow Analysis

A. Discrete Mode

For the purpose of clarity, we begin with an outline of an analysis
for a discrete mode in a weakly nonparallel boundary layer (see, for
example, [37]). In a weakly nonparallel flow, one can employ the
method of multiple scales by introducing fast (x) and slow (X� "x
and "
 1) scales. The mean flow profiles depend on y and X only,
whereas the perturbation will depend on both length scales. In the
case of a discrete mode, solution of the linearized Navier–Stokes
equation is presented in the form

A��x; X; y� � �D
�X�A�
�
�X; y�ei

R
�
�X�dx

� "A�1��
��X; y�e
i
R
�
�X�dx � � � �
 (8)

where A�
�
is an eigenfunction satisfying Eq. (5), and function

D
�X� has to be determined. The slow function D
�X� in Eq. (8)
serves to resolve the uncertainty of A�
�

�X; y� normalization.
Because coefficients in Eq. (5) depend on the coordinate x, the
eigenvalue �
 is also a slow function of x. Therefore, instead of the
phase �
x in Eq. (4), we introduce an integral of �
�X�.

After substitution of Eq. (8) into Eq. (1), we arrive at O�"� at an
inhomogeneous equation forA�1��
� with the same leading operator as
in Eq. (5), because the terms associated withmatrixH4 have an order
ofmagnitude ofO�"�. Taking the dot product of the equationwith the
adjoint solution, B�
�, satisfying Eq. (6) and evaluating integral of
the result with respect to y from 0 to 1, we arrive at an ordinary
differential equation for D
:

i�np �
d ln D


dx
����1

��
H2

@A�
�

@x
;B�
�

�
� hH4A�
�

;B�
�
i
�

(9)

The nonparallel flow effects are represented by two terms in
Eq. (9). The first term stems from the slow variation of the
eigenfunction with coordinate x and depends on normalization of the
eigenfunction. The second term is associated with matrix H4 that
includes the y component of the mean flow velocity and derivatives
of themeanflowprofileswith respect to the coordinate x. One can see
that �np in Eq. (9) is independent ofB�
�

normalization and depends
on normalization ofA�
�

. However, the productD
�X�A�
�
�X; y� is

invariant with respect to normalization of A�
�
(up to a constant

complex factor). Thus, the correction factor D
�X� resolves the
normalization uncertainty in the case of weakly diverging flow. As a
matter of practical application, it is convenient to choose
normalization of A�
�

in accordance with the quantity of interest.
For example, if one is interested in amplitude of the streamwise
velocity of the discrete mode, it is convenient to choose
normalization of A�
�

with jujmax � 1 at all locations x. Then � �
�Im��
 � �np� is the growth rate of umax in solution (8), in which the
nonparallel flow effects are taken into account.

B. Continuous Spectrum

Because eigenfunctions of the continuous spectra oscillate at
y!1 as exp��iky�, the analysis requires a modification. Instead
of a single mode, we consider a narrow-wave packet of width �k
around k� kl. Therefore, solution for the narrow-wave packet is
considered in the form

A��x; X; y� �
�Z

kl��k=2

kl��k=2
Dj�X; k�A�j�

�X; y�ei
R
�j�X;k�dxdk

� "
Z
kl��k=2

kl��k=2
A�1��j��X; y�e

i
R
�j�X;k�dxdk� � � �

�
(10)

where A�j�
is an eigenfunction of the continuous spectra satisfying

Eq. (5). We substitute Eq. (10) into Eq. (1) and consider the equation
at O�"�. Evaluation of the dot product with adjoint eigenfunction
B�l

j
� satisfying Eq. (6) at �lj � �j�kl� and integration of the result

with respect to y from 0 to 1 lead to the ordinary differential
equation for Dj as follows:

i�np �
d ln Dj�X; kl�

dx
����1 lim

�k!0

Z
kl��k=2

kl��k=2

��
H2

@A�j�

@x
;B�l

j
�

�

� hH4A�j�
;B�l

j
�i
�
dk (11)

In the limit�k! 0, the integrals in Eq. (11) lead to evaluation of
terms such as

Z 1
0

exp�i�k � kl�y�dy� 	��k � kl�

(see [44]), and the result can be evaluated using asymptotic solutions
outside of the boundary layer.

C. Multimode Solution in a Weakly Nonparallel Flow

In the case of amultimode solution, we are presenting our result as

A��x; X; y� �
X



D
�X�A�
�
�X; y�ei

R
�
�X�dx

�
X
j

Z 1
0

Dj�X; k�A�j�
�X; y�ei

R
�j�X;k�dxdk�O�"�

D
�0� � d

Dj�0; k� � dj�k� (12)

One should keep in mind that the multimode form of the solution in
Eq. (12) admits a mechanism of intermodal exchange due to the
weakly nonparallel flow effect. An example of this phenomenonwas
illustrated by Zhigulev and Fedorov [45], who considered generation
of an unstable discrete mode by an acoustic wave. Although the
effect is weak when the wave numbers of themodes are different, the
exponential amplification of the unstable mode leads to its relatively
large amplitude. In the present work, we neglect such intermodal
exchange.

The initial values d
 and dj in Eq. (12) are to be determined from
the receptivity problem solution [18]. In the case of a roughness
element, the linearized wall-boundary condition for the streamwise
velocity component may be written as follows:

y� 0: u��f�x; z�U0w (13)

where U0w � �@Us=@y�y�0 is the derivative of the unperturbed flow
velocity profile. For a localized hump, the nonparallel flow effects on
the receptivity problem solution can be neglected in the leading
approximation, and one can find [18]

dj�k� ��’��j; ��; ��U
0
w

�
�B�j�1
y�0

’��j; �� �
Z �1
�1

Z �1
�1

f�x; z�e�i�jx�i�zdzdx
(14)

where �B�j�1
y�0 is the first component of the adjoint eigenfunction
evaluated at the wall.

The nonparallel flow effects may be incorporated into the
receptivity problem solution along the lines of the distributed
receptivity model proposed by Choudhari [29]. It is shown in [29]
that the cumulative effect of distributed wall perturbations can be
evaluated using the parallel flow approximation for each piece of the
actuator and integrating the result over the distributed actuator. In our
case, the result (with the reference point at x� 0) will be written as
follows:
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dj�k� �
Z �1
�1

Z �1
�1

��k; x�f�x; z�e�i
R
x

0
�j�k;x0�dx0�i�zdzdx (15)

where ��k; x� is defined in Eq. (14).
One should keep in mind that the linearized wall-boundary

condition equation (13) can be rigorously derived within the triple-
deck asymptotic analysis when the height of the hump is small in
comparison with the thickness of the viscous sublayer. At finite
Reynolds numbers, we do not have criteria for height and length of
the hump to specify limits when the linearized boundary conditions
can be used. The results should be compared with direct numerical
simulations and/or experiments to establish validity of the boundary
condition.

IV. Numerical Results

A. Verification: Discrete Mode at M � 4:5

For purpose of the developed solver verification, we repeat the
results of [36] for a two-dimensional TS wave in a compressible
boundary layer over a flat plate at the Mach number 4.5, at the local
Reynolds number (based on the Blasius scale) 1550, and at the
frequency parameter 130 � 10�6. The results of [36] were obtained
using the method of multiple scales with a slightly different leading
operator, when the highest derivatives in coordinate y of the viscous
terms in the linearized Navier–Stokes equations were kept in the
leading operator, whereas the other viscous terms were treated as
perturbations. Figure 1 shows the local growth rate of the mass-flux
perturbation as a function of the dimensionless coordinate
�� y=

���������������������
�ex=�eUe

p
. Comparison of the mass-flux perturbation

corresponding to the discrete mode is shown in Fig. 2.
Themethod ofmultiple scales is an asymptotic method that allows

taking into account nonparallel flow effects in the leading term. For
discrete modes, the method of parabolized stability equations can
provide results that are very close to results obtained from the direct
numerical simulations (DNS). To illustrate the method of multiple
scales used in the present work in comparison with PSE/DNS results
[46,47], we consider a discrete mode with the frequency parameter
220 � 10�6. Figure 3 shows comparisons of results of [46] with the
results obtained using the method of multiple scales and using the
parallel flow approximation for maximum amplitude in the
temperature perturbation. One can see that the leading term of the
method ofmultiple scales provides a good agreement with PSE/DNS
results, whereas the parallel flow approximation is inadequate for
these conditions. One can also see from Fig. 3 that the nonparallel
flow effects are very significant in the example.

B. Roughness Array at M � 0:02

In the case of roughness-induced perturbations, there are no
discrete modes; only steady normal modes of the continuous spectra
represent the perturbation. There are two vorticity modes (A and B),
entropymodes, and the acoustic modes (representingMachwaves in
the limit !! 0) [43].

In the present work, we consider the same array of roughness
elements as in [18]. An array of humps is placed at distance x0 from

the leading edge of a flat plate. The geometry of each hump is defined
by the function

f�x; z� � acos3
�
	�x

lx

�
cos3

�
	�z

lz

�
(16)

where �x and �z are measured from the center of the hump,
amplitude a� 0:172, lx � 27:36, and lz � 22:37 (in

�����������������������
�ex0=�eUe

p
units). The parameters correspond to a hump with a length scale of
about 5 times the boundary-layer thickness. Therefore, one may
expect that the receptivity of the flow can be analyzed within the
quasi-parallel flow approximation. This issuewill be addressed later.
The local Reynolds number is Re� 697:37. The spanwise period of
the array isLz (2	=Lz � 0:073). Inwhat follows,we include only the
first 12 harmonics with �n � n � 0:073.

To evaluate the most significant interval of the parameter k in the
present example, in Fig. 4 we show the amplitude factor

j��k�’��j�k�; ��ei�j�k��x�x0�j (17)

for two vorticity modes at x� � x � x0 � 177:3, �� �1, and
M� 0:02. One can see that the main input at these parameters is
associated with a k of about 2. We should point out that ��k� in
Eq. (14) is dependent on the eigenfunction normalization. In the case
of continuous spectrum, there is not a clear preference for
normalization choice. In the problem of interest, the modes of the
continuous spectrum are not observable. They just serve as a basis in
the eigenfunction expansion, and only their integral has physical
meaning. Particularly, the integral leads to zero perturbation outside
of the boundary layer, whereas each mode of the continuous
spectrum is a function oscillating in y. In the present work, modes of
the continuous spectrum are normalized by the wall condition:
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�
@u

@y

�
y�0
� 1 (18)

Figure 5 shows the variation of normalized j�j along the
roughness element for two vorticity modes at k� 2, �� �1, and
M � 0:02. The variation of the coefficient is about 1%, and one can
consider the receptivity problem within the parallel flow
approximation.

Figure 6 illustrates contours of the streamwise velocity
perturbation u at x� � 177:3 in the boundary layer at M� 0:02
obtained including the nonparallel flow effects and using the
vorticity modes only. The continuous spectrum was discretized at
0 � k � 5using 500 intervals. One can see that there is awake region
downstream from the hump, and there are high-speed streaks on both
sides of the hump.

Figure 7 shows the difference between two contour plots:
uparallel � unonparallel. One can see that the difference is about 10% in
the wake.

To understand the source of the difference shown in Fig. 7, we plot
real and imaginary parts of the integral

N�k� �
Z
x�

x0

���k� � �np�k; x�
dx (19)

in Fig. 8 for two vorticity modes, together with the result stemming
from the parallel flow approximation (in the parallel flow
approximation, Nr � 0). As discussed in Sec. III, �np depends on
the eigenfunction normalization. One can see that the nonparallel
flow effects do not have a significant effect on the integral at the
chosen normalization. The latter means that the main source of the
difference in Fig. 7 is associated with different shapes of the
eigenfunctions evaluated at x� x0 (parallel flow model) and at
x� x0 � x� (nonparallel flow consideration).

Figure 9 shows amplitude distribution of juj in the boundary layer
at x� x0 (lines) and at x� x0 � x� (symbols) for�� �1, z� 0, and
k� 1, 2, and 3. The results illustrate that the difference between the
eigenfunctions is greater at lower k. However, amplitudes of
eigenfunctions at low k tend to zero (see Fig. 4).

C. Roughness Array at M � 0:5

To illustrate the nonparallel effects on the receptivity problem at
M� 0:5, we present results at the temperature factor Tw=Tad � 0:5
(adiabatic wall was considered in [48]).

Figure 10 shows the amplitude factor defined in Eq. (17) as a
function of the parameter k.

Figure 11 shows the variation of normalized j�j along the
roughness element for two vorticity modes and the entropy mode at

B
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k
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k� 2, �� �1, and Tw=Tad � 0:5. The variation of the coefficient is
about 1%, and one can consider the receptivity problem within the
parallel flow approximation.

Figures 12–15 illustrate the nonparallel flow effect atM � 0:5 and
the temperature factor 0.5. In these examples, the results were
obtained using the vorticity and entropy modes. To avoid
overlapping of the vorticity and entropy spectra and to simplify the
computations, we use a small nonzero frequency (!� 10�5), as is
described in [43].

Similarly to the example atM� 0:02, in Fig. 16we plot integralN
for two vorticity modes and the entropy mode atM � 0:5. One can
also see that in this case the nonparallel flow effects do not have a
significant effect on the integral.

V. Conclusions

To our knowledge, this is the first instance when the weakly
nonparallel flow effects are considered for modes of the continuous
spectra. The method of multiple scales used in Sec. III is based on
separation of characteristic scales for the mean flow and the
perturbation. In the case of unsteady perturbations of frequency !,
streamwise wave number of vorticity and entropy modes is �� !,
and separation of the scales can be satisfied for 1=!
 x. In the case
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of steady perturbations, their characteristic scale is defined by the
viscosity effect. At large Reynolds numbers, the decaying rate is
about k2=Re [44], and separation of the scales require k2 � 1. The
latter means that numerical examples with k2 � 4 are marginal, and
they should be compared with results of direct numerical simulations
to validate the model for steady perturbations.

Although the results obtained with nonparallel flow effects
included are quantitatively different from the results obtained within
the parallel flow approximation, the qualitative structure of the
flowfield downstream of the roughness element remains the same.
There is a wake region downstream from the hump, and there are
high-speed streaks on both sides of the hump. Temperature increases

in the wake region, and there are cold streaks at both sides of the
hump. The nonparallel effects lead to a 10% difference in the wake
velocity perturbation. Analysis of the nonparallel flow effects in
subsonic boundary layers over a flat plate also revealed that one can
take them into account just by evaluation of the eigenfunctions at the
local Reynolds number downstream from the hump.

In the present work, the nonparallel flow effects on roughness-
induced perturbations have been considered for low-speed boundary
layers only. The nonparallel flow effects in high-speed boundary
layers should be addressed in a future work.

Appendix: Matrix Elements

In what follows, Us, Ts, and �s are streamwise velocity,
temperature, and viscosity of the mean flow, respectively, and they
are scaledwith their values at the edge of the boundary layer;Vs is the
vertical velocity of the mean flow; pressure is scaled with �eU2

e;
�0s � d�=dTs;Re,Pr, and � stand for the Reynolds number, Prandtl
number, and specific heat ratio, respectively;M is the Mach number
at the edge of the boundary layer;D� @=@y; parameters r andm are
defined as r� 2�e� 2�=3 andm� 2�e � 1�=3; and 2e=3 is the ratio
of the bulk viscosity to the dynamic viscosity. Particularly, Stokes’s
hypothesis corresponds to e� 0.

Nonzero elements of the matrices in Eq. (1) are
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